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Abstract
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Abstract

In this paper we define classes of impasse points, an important phenomenon of Differential-
Algebraic Equations (DAEs). Focussing on DAEs occuring in the analysis of electrical networks,
a brief discussion of properties of these classes and examples are given. Some of these examples
are counterexamples to published assertions on impasse points.

1 Basic Definitions

1.1 Definition (DAE): Let m € N, n € N;, X CR™ Y CR™ be open sets and T C R an open
interval. Let f:TxX xY - R*"cC? and g: T x X xY — R™ € C°. The system

@(t) = ft,x(t), y(t))
0 =g(t,z(t),y(t))

is called a Differential-Algebraic Equation (DAE). () a

(1)

1.2 Definition (ADAE): Let m € N, n € Ni, X CR™Y C R™ be open sets and f: X XY —
R € CY and g: X xY — R™ € C°. The system

0=g(z,y)
is called an autonomous Differential-Algebraic Equation (ADAE). (1) m|

The DAE’s to be considered here are sometimes called semi-explicit DAE’s.

1.3 Definition (Solution): Let p:1 — X xY € C°, (to,20,90) € T x X XY . ¢ is said to be a
solution of (1) (resp. (2)) :<=

(i) I CT (resp. I CR) is open and connected.
(ii) pryop € C*
fiii) Vier D(przo @)(t) = [f(t,0(t)) A 0 = t
(resp. 0 € INVier D(pra o )(t) = fle(®) A 0 = glo(t)) )
where pry: R™ x R™ — R™ denotes orthogonal projection.
@ is called a Cl-solution of (1) (resp. (2)) : <= ¢ is a solution of (1) (resp. (2)) and ¢ € C'.
The solution set S of (1) (resp. of (2), C!-solution set S of (1), Cl-solution set of (2)) is defined by

S ={yY|¢ is a solution of (1)}

(resp. S ={yY|¢ is a solution of (2)}
Scr = {¥p is a C* — solution of (1)}
Scr = {] is a C* — solution of (2)})

The solution set (resp. C'-solution set) of (1) according to the initial condition (to, xo,%0) (S,
resp. Sci (¢, ) is defined by

Z0,%0) 7

x0,Y0)

S(to,z00) = 1% € S|U(to) = (w0,90)} (resp. Scr (g,m0,m0) = 1¥ € Scrl(to) = (z0,90)})

M In case m = 0 we identify (1) and (2) with ODE’s @(t) = f(t,z(t)) and & = f(x), respectively.




The solution set (resp. C'-solution set) of (2) according to the initial condition (0, 40) (S(zg,y0): T€SP-
Sct (z0,y0)) 18 defined by

S(aowo) = ¥ € S[P(0) = (z0,50)} (resp. Scit (mog0) = 1% € Ser[¥(0) = (0, 90)})

¢ is called a solution (resp. Cl-solution) of (1) (resp. (2)) passing through (o, o) at to (resp. at 0)
L=

P e S@O@myo) (resp. ¢ € SCI,(ltomco,yo)7 pe S(onyo)7 pe SCI,(woyyO))

As in [3], Cl-solutions are sometimes called classical solutions.
One could define a kind of solution without pry o ¢ being continous. But such solutions do not
seem to make too much sense in engineering (see [1, system (49)]). )

1.4 Definition (Consistent Initial Value, State Set): Consider DAE (1) and ADAE (2) and
let S and S be the solution sets of (1) and (2). The sets

P = {zeTxXxY|S.#@} and P = {zeXxY|S.# 2}
(resp. Pon = {2€TxXxY|Se,#@} and P = {z2€ X xY|Sxn, # 2})

are called state sets (resp. Cl-state sets) of (1) and (2).

Elements of P and P (resp. Pc1 and Pei) are said to be consistent initial values (resp. C'-consistent
initial values) of (1) and (2). O

1.5 Remark: (i) In the following, we use S, Sc1, P, Po1 ete. for both, DAE (1) and ADAE
(2).

(ii) Por CP Cg'(0), Scr €S, and Ve x x x v S, © Sz (resp. Voex x vy Scr, € S2).

(iil) P = Uyesim(id [domy, %) and Po1 = Uypes,, im(id |aomy, ) in case of DAE (1),
P =Uyesimy = {¢(0)|¢ € S} and Por = Uyes,,, im1p = {¢(0)[¢) € Sci} in case of ADAE
(2). O

2 Impasse Points

2.1 Definition (Impasse Point): Consider DAE (1) (resp. ADAE (2)) andletQ =T x X XY,
(to,o,y0) € RXR® x R™, and p = (to,x0,y0) (resp. Q := X XY and p = (xo,y0)). Let further
S, Sc1, P, Po1 the sets defined in section 1. p is called

impasse point (resp. Cl-impasse point) of the 1st kind (IP-1, resp. C'-IP-1) : <=
peg O\ P (resp. peg (0)\ Per)
impasse point (resp. Cl-impasse point) of the 2nd kind (IP-2, resp. C'-IP-2) : <=

pe(PNQN\P (resp. pe(Pein@)\ Por) W

DWe do not deal with ” Jump Behaviour” here. If we did, we had to consider solutions which are not even continous.

)dom: domain of a mapping, im: image of a mapping.

(HHere, P denotes the closure of P in R x R™ x R™ (resp. R" x R™) endowed with the topology induced by some
norm. If P* is the closure of P in the space Q with the topology induced by R x R™ x R™ (resp. R™ x R™), one
gets PN Q = P® etc.



forward impasse point (resp. Cl-forward impasse point) of DAE (1) (FIP, resp. C'-FIP) : <=
peg NP A Jues (supdomy =t A lim ¥(t) = (20, 0))

resp. p€g (0)\ Por A Jpes ., (supdomyp = tg A tlgg) P(t) = (w0, y0))

forward impasse point (resp. C!'-forward impasse point) of ADAE (2) (FIP, resp. C'-FIP) : <=

p€g M O\P A Fyes (supdomy €eRA  lim  (t) = (w0, 90))

t—sup dom v

resp. p€ g H0)\ P A Jpesg (supdomp € RA - lim  9(t) = (wo,%0))

t—sup dom v
backward impasse point (resp. C!'-backward impasse point) of DAE (1) (BIP, resp. C'-BIP) : <=
p€g ' (0)\P A Jypes (infdomep=tgA tli{g) ¥(t) = (0, 0))

resp. p € 971(0) \ Po1 A JpeS (inf dom ¢ = tg A tlij% ¥(t) = (w0, %0))

backward impasse point (resp. C'-backward impasse point) of ADAE (2) (BIP, resp. C'-BIP) : <=

peg HO)\P A Fyes (infdomy e RA  lim  9(t) = (z0,90))
t—inf dom v

resp. p€g (0)\ P A Jpes ., (infdomy € RA  lim  9(t) = (20, y0))

t—inf dom 1)

a

In the sequel, the sets of impasse points of the first kind, of the second kind, of forward impasse
points, and of backward impasse points (resp. the corresponding kinds of C'-impasse points) will
be refered to by I1, Iz, Ir, and Ip (vesp. Icnq, Icn g, Icn p, and Icn g).

2.2 Lemma: Consider DAE (1) or ADAFE (2). Then

(i) [sUIFr C I C I

(it) Icn pUIcn p S Icng C 1oy

(iii) Ty C Ipn O
Proof:

(i) We show (i) only for DAE (1):
Let p = (to, 0, 0) € I, thenp € g~1(0)\ P and Jypes supdom ) = toAlimy—, ¥ (t) = (20, Y0),

ie. limy (¢, 9(t)) = p. Since im(id |qomy,¥) C P (Remark 1.5), we get p € P, e.g.
p€g H0),pgP,andpe P = pe (PNng L (ON)\PC(PNTxXxY)\P=1I.
Letpe Ir = (PNT x X xY)\ P. Since g~1(0) is closed (in T x X x Y) and P C g~1(0), we

get PNTxXxY Cg 0)=pecg (0)\P=1.
(ii) Equivalent to (i).
(i) Por CP C g H(0) =L =g~ (0)\P S g7 (0)\ Per = Icn s O

2.3 Remark: (i) As we will see in this section, the kinds of impasse points defined above are
in general different from each other. We will show, at least, that Iy # Ic1; (Example 2.9),
Icng # Ici o and Iy # Io (Example 2.10), Io # Ip U Ip and Igi o # I p U Ion p (Example
2.11).



(ii) One may think about additional assumptions to prove Iy C Ici o, Ip C Icn g, and Ip C Ion p.

(iii) Another kind of impasse point would be the definition of a BIP with p ¢ P substituted by
the weaker requirement that ¢ is not extendable beyond p. O

Considering DAE (1) (resp. ADAE (2)) in case m = 0, we have, in fact, an ODE:

&(t) = f(t, x(t)) 3)

resp.

i = f(x) (4)
As is well known from the theory of ODE’s, we get P = Pci =T x X and P = Pp1 = X for systems
(3) and (4), respectively. Thus, impasse points cannot occur in case of ODE’s. We consider that to

be an important difference between DAE’s and ODE’s. However, there are DAE’s being equivalent
to ODE’s (for a definition of equivalence see [4]).

2.4 Lemma: Consider DAE (1) (resp. ADAE (2)) and let p = (to,x0,%0) € TxX XY, p =
(to, o), pr:iRx R™ x R™ — R x R™ the orthogonal projection, and Dyg = D3g

(resp. p = (x0,90) € X XY, p=1xo, pr:R" xR™ = R", and Dyg = D2g).

Then

(i) Fveu) Inv—yveco M(B) = yo AVuecv g(u,h(u)) =0=pe P Ape (pr(P))" OO
(it) Jueu) Inv—yect M(B) = yo AVuev g(u, h(u)) =0 = p € Pcr Ap € (pr(Pc1))°
(iii) Iveuw) 9lv € C* Ag(p) = 0 A Dyg(p) bijective = p € Por Ap € (pr(Pen))” O

Proof:
We show (i) - (iii) only for DAE (1):

(i) Without loss of generality, we assume that U = J x @, where J is an open interval and Q C X
is open.
Consider the ODE i(t) = f(t,z(t)), where f:JxQ — R (t,¢) — f
Obviously, there exists a solution p:1 — Q € C' with ¢(ty) = zo (
interval).Set : I — Q x Y:t — (p(t), h(t, (t))). Since I x pry(imep) C J

Further, ¢ € C°, ¢ = pry o € C', and

D(pry o 9)(t) = ¢(t) = F(t, o(t) = f(t:0(0), hlt, (1)) = f(t,(2))

forallt € 1.

Further, ¢(t9) = o and h(to, z0) = yo = ¥(to) = (z0,y0) =Y € S, = p € P.
Let (t1,21) € U. Then (t1, 1, h(t1,z1)) meets the requirements of (i). Thus,

(t1, 21, h(t1,21)) € P = (t1,21) € pr(P) = (to,x0) € (pr(P))°

(ii) Equivalent to (i).
(iii) Applying the Implicit Function Theorem [2, 10.2.1] we get
Iweu((to o)) 3w —yecth(to, o) = Yo A Vwew (w, h(w)) € V A g(w, h(w)) =0

By (ii) we get the assertion. a

®)((pr(P))° denotes the interior of pr(P) in the space T x X (resp. X).
©(q) is the set of open neighbourhoods of q in the space considered (here: T x X and X, respectively).



2.5 Remark: Open questions are:
(i) Is it possible to prove ”<="-parts of Lemma 2.4, at least under stronger assumptions ?

(ii) What are sufficient assumptions for uniqueness of solutions passing through (z¢,yo) at to
(resp. at 0) ?

(iii) What are sufficient assumptions to obtain p € P2} (where (.)° denotes the interior in the
space g~ 1(0)) instead of p € (pr(Pc1))° ? O

In [1, Lemma 1 and 2] one can find statements similar to those of Lemma 2.4. Concerning (i) and
(ii), Lemma 2.4 is more general since h does not need to be unique:

2.6 Example:

g o
T = f(x7y)
0= g(z,y) = yy—o)

Let g(zo,y0) =0 and let h: R — R: 2z — {O’ i yOZO}. Obviously, using U = R as a neighbourhood

x, else
of g, one gets h € C', h(zo) = o, g(z,h(x)) = {g(m,O), if y():O} = 0, and by Lemma 2.4.ii,

g(z,x), else
(x07y0) € PC17 e.g. Pcl = 971(0).
If (2o, y0) = (0,0), Lemma 2.4 remains applicable although no unique h exists. O

2.7 Lemma: Consider DAE (1) (resp. ADAE (2)) and assume g € C'. Letp € T x X xY and let
prie: R X R" x R™ — R xR™ be the orthogonal projection (resp. p € X XY, pry:R" x R™ — R"
is the projection). Then

peGHO) A (1, f(p) & pria(ker(Dg(p))) = p € Ipny
(resp. p€g ' (0) A f(p) €pro (ker(Dg(p))) ==pe€lp,

Proof: The proof is done for DAE (1) only:
Let p = (to, zo,y0) and assume p € Ic1 4. Then, there exists a solution ¢ € Sc1, of DAE (1). Let
be Y:domy — T x X X Y:t — (¢, (t)). Obviously, ¢(ty) = p, go =0, and D(go ) = 0. Thus,

0 = D(goy)(to) = Dg(¢(to)) e D(to) = Dg(p) o D(id |dom ¢, ) (t0)
= Dg(p) o (id|g, f(p), D(pry © ¢)(to))

= (1, f(p)) € pre(ker(Dg(p))) ™). Contradiction. a

2.8 Remark: (i) If g71(0) of ADAE (2) is a manifold and Dg(z¢,yo) has full rank, Lemma 2.7
is equivalent to the argument that for any Cl-solution ¢ passing through (zq,v0) at 0, ¢(0)
has to lie in the tangent space of g~1(0) at (o, yo).[4]

An analogous argument holds for DAE (1).

(ii) Under the assumptions of Lemma 2.7, p does not need to be in I; (Example 2.9), nor in I 5
(Example 2.10).

DIf dom f; = --- = dom fi, {f1,.., fr) is defined as (f1, .., fx):dom f1 — im f1 X .. X im fr:t = (f1 (), .., fr(t))



(iii) Considering ADAE (2) and following [1], let S5 := {p € g1 (0)|f(p) & pru(ker(Dg(p)))} and
let I be the set of impasse points as defined in [1]. Now, Lemma 2.7 means S3 C I¢1 .
In [1, Lemma 3], Chua and Deng assert that I C S3. That can shown to be wrong even in
case g~1(0) is a smooth manifold. By Example 2.12 we obtain that even BIP’s and FIP’s do
not need to lie in Ss.
If [1, Lemma 3] was right, there would not exist any DAE’s with index greater than 1 (for a
definition of indez see [4]). |

2.9 Example:

g (ol
0= g(z,y) =y’ —=

By Lemma 2.4.iii one obtains ¢g~1(0) \ {(0,0)} C Pc1, because Dyg(z,y) = (3y?) is bijective for all
points (z,y) of g~'(0) \ {(0,0)}.

To tackle the point (0,0), we apply Lemma 2.4.i with U = R and h(z) = |z|'/3sign(x). Thus,
(0,0) € P.

Further, (0,0) € I¢1 1, because (0,0) meets the requirements of Lemma 2.7:

ker(Dg(0,0)) = ker((—1,0)) = {0} x R and f(0,0) =1 & {0} = pr,(ker(Dg(0,0)))

After all we have:

Por = g '(0)\{(0,0)}, P = g7'(0),

Icn; = {(0,0)}, I = Lh=Ig=Ip=0
and by further investigations: Icn o = Ic1 p = Icn p = {(0,0)}. O
2.10 Example:

aCy)
1
= f($7y =
0= glz,y) = z—-3g(y) 1 y

with g € C*, glp2) =1, and g|r\[1,2) < 1. (g exists, e.g. constructed by regularisation.)
Consider p € {1} x ]1,2[®and apply Lemma 2.7:

ker(Dg(p)) = ker((1,0)) = {0} x R and 1 ¢ {0} = pry(ker(Dg(p)))

= {1} x]1,2[N P =0 = {1} x|1,2[N 115 = 0.
At this time, wo do not have an appropriate theorem to show that

(1} x]1,2[C L and {1} x]1,2[NT =0

but that seems to be obvious here. O

®]a, b[ denotes the open interval, [a, b] the closed etc.



2.11 Example:

acy)
0= g(z,y) = z—3§y) y

with g(y) = exp(—y%)sin(%’) and § € C™ (see Lemma A.1, p. 11). ©

1. (0,0) € Port Let (2,y) € g (0)\ {(0.0)}, then §'(y) = exp(— ) (2 sin(2E) — 2 cos(25)). Let
Z =g 10)\ {0} = {%|kz € Z\ {0}}. Obviously, Vyecz ¢'(y) # 0, and by Lemma 2.4.iii we

obtain {0} x Z C Pc1 and since limy_,o(0, 2) = (0,0) we get (0,0) € Po1.

2. (0,0) ¢ IpUIr Ul pUlea pz Assume Jyes(supdome € R A limg ssupdom o ¢(t) = (0,0)).

Without loss of generality, we can further assume that dom ¢ = |—¢,¢[. Let ¢ = (¢, ) € C°
and ¢, € C'. Considering ¢, we have lim;_,. ¢, (t) = 0.
Case 1: ¢, =0

= imy, C g~ 1(0) = ZU {0}. Since ¢, = 1, im ¢, contains an interval. Contradiction.
Case 2: Jy e)—c [ ¢(to) # 0. (Without loss of generality, let oy (o) > 0.)

oy € CO Alimy e y(t) = 0 =10, py(t0)] C imp,. Obviously, Fren, 757, 7 € 10, @y(to)[ €
im,. Let t1,to € dom, t1 < ta, with ¢, (t1) = k%rl and @y (t2) = % =

Tty to P (t) (t2 — t1) = pu(t2) — pu(t1) = 0. Contradiction.

3. (0,0) ¢ P: Assume Jpeg,,, and |—¢,e[ C dom. Set ¢:]—-5, 5[ = R%t— ot — §5) =
lim;, ¢ ¥(t) = limy—0 ¢(t) = 0, which contradicts 2.

So, it follows: (0,0) is an IP-2, a C!-IP-2 but is neither a BIP nor a C'-BIP nor a FIP nor a C'-FIP.
Od

2.12 Example:

1= fi(z,20,y) =1
iy = folz1,72,y) =z1+y°
0= g(a:l,xg,y) = T2

where f = (f1, f2). Obviously, for all (z1,0,y0) € R? satisfying 19 < 0 and 21 + y¢ = 0,

@@, —w1,0[ = R2 x R:t (931,0 +1,0, /=10 —1 { 1 ) if yo > O})

else
is in Sc1 and hence, {(21,0,y) € R2xR|z; <0A 21 +y?> = 0} C Pen.
Let (x1,72,y) be a solution. Then x5 = 0 and, by that fact, 0 = 2 = 21 + y?, and hence,
Per € {(21,0,9)|z1 +y* = 0}.
Assume (1, 72,Y) € S(0,0,0), then Je>o]—¢,¢[ € imzq, because #1(0) = 1. Contradiction.
Thus, P = Po1 = {(21,0,y)|z1 +y*> = 0 Az < 0}.00)
We have seen that (0,0,0) is a FIP and a C!-FIP. Now, as in [1] (see also Remark 2.8.iii), let us
consider Dg:

Dg=(0,1,0) = ker Dg =R x {0} x R = pry ker Dg = R x {0}

Since f(0,0,0) = (1,0) € pr, ker Dg(0,0,0) we have (0,0,0) ¢ S3. That contradicts [1, Lemma 3].
Note that Dg has full rank everywhere and P = P is a smooth manifold. O

)1n this example we mean by a function, unless its domain is explicitly given, its continous extension to R.
(19We could use here the procedure given in [4] to get P1, but want to get P as well.



3 Limit Points

In this section we follow [1] as far as we try to follow the considerations which have lead to [1,
Theorem 1] and therefore, deal with autonomous DAE’s with Y = R™ only.

3.1 Definition: Let h:R x R™ — R™ € C°, (\g,90) € h~1(0).
(Mo, o) is called right limit point of h=1(0) : &=

Inetu(oo) N NATH0) N (Ao +Ry) x R™) = g1V
(Mo, o) is called left limit point of h=1(0) : <=
ANeu((o,m0)) NN h_l(o) N ((/\0 — R+) X Rm) =g

O
The definition of a limit point given is equivalent to that given in [1] (see Lemma A.2).
3.2 Definition: Consider ADAE (2) with Y = R™ and let (zo,y0) € g1(0). Then
R xR™ = R™: (A, y) = glzo+ Af(z0,v0),9)
is called cut mapping of ADAE (2) at (zo, %0)- |

The purpose of [1, section 2.2] is to decide wether a point (z9,yo) € R™ x R™ of ADAE (2) is an
impasse point or not by solving a static bifurcation problem. Namely, [1, Theorem 1] asserts that
(T1) Let (zo,y0) € R™ x R™, let h be the cut mapping of ADAE (2) at (xo,%0), and let Y = R™.
Then
(w0,10) is a FIP (resp. BIP) of ADAE (2) <= (w0,70) € g~(0) A (0,10) is a right (resp.
left) limit point of A~1(0)
The proof of (T1) in [1] is wrong, and so do both parts (* =" and 7 <=") of (T1) itself. The
falsity of the proof is, from our point of view, mainly due to the fact that there are two conjectures
(C1,C2) used within it, both of which can be shown to be wrong (Examples 3.3, 3.5, and 3.6).
One idea of the proof mentioned is:
(C1) Consider ADAE (2) with Y =R™, n=1, f =1, and (0,50) € g~'(0). Then
(0,y0) is a FIP (resp. BIP) of ADAE (2) <= (0,yp) is a right (resp. left) limit point of
—1
g9~ (0).

3.3 Example:

a(y)

o(2m
where §(y) = exp(fy%) { ?I;( v) ZI; O} with § € C* (see Lemma A.1, p. 11). Then

e S
In(—(zo + 1))

As in Example 2.11, it is easy to show that (0,0) ¢ P = (0,0) is a FIP and a C'-FIP. But (0, 0)
is neither a left nor a right limit point of g=!(0). Here, g is itself the cut mapping at (0,0) and
thus, this example contradicts (C1) as well as the ” = "-part of (T1), i.e. [1, Theorem 1]. O

MWo¢ R, UR_

Vaoe]-1,0[ : 1T0, —To[ — R%: ¢ — (mo +t, - ) € Sc1 A t_lé{x}ro o(t) = (0,0)




3.4 Definition: Consider ADAE (2) with Y = R™ and let (z0,y0) € g 1(0). Then the system

A=1€R

0=h(\y) (5)

with domh =R x R™ and h(\,y) = g(xo+ Af(z0,y0),y) is called first order ADAE corresponding to
ADAE (2) at (Io,yo), O

Using the definition given above, we can formulate another idea of the proof in question as follows:

(C2) Consider ADAE (2), let (x0,0) € g~*(0) and let ADAE (5) be the first order ADAE corre-
sponding to (2) at (xo,yo). Then

(x0,0) is a FIP (resp. BIP) of (2) <= (0,yo) is a FIP (resp. BIP) of (5)

3.5 Example:
z; = 1
1‘2 = 2.1‘1 (6)
0 = xo—(z1+ y2)2 = g(x1,22,9)

Consider the point (0,0,0). Obviously, ¢:]—1,1[ — R3:¢ s (¢,12,0) € Scr 0,00 = (0,0,0) €
P
Consider the corresponding first order ADAE at (0,0,0):

h- X o)y

A=1
0=~ (Ot = h\y) v ;

Obviously, (0,0) is an FIP and a C'-FIP of (7) and a right limit point of h~1(0):
h(Ay) =g(0+A-1,04+X-2:0,y) = —(A+y?)?

But (0,0) is not even an IP-1 of (6). That contradicts (C2) as well as the ” <= "-part of (T1), i.e.
[1, Theorem 1]. |

3.6 Example:

T = 1
j?g = fg(xﬂ (8)
0 = 20— (x1+ y)2 = g(r1,22,9)

where fo € C°, fo|[r_ugoy =0, and fa|r, < 0. (f2 exists, e.g. constructed by regularisation.)
Assume (71, 72,y) = 1 € S(g,0,0), Without loss of generality let dom) = |—¢,¢[ for some ¢ > 0.
Then Vicdom 1 x1(t) =t Axao(t) > 0.

Considering 2(5) > 0 we obtain: 3¢, 5[ L2(t) = 2(22(§) — 22(0)) = 225(5) > 0 which contradicts
f2|R+ <0. = (0,0,0) ¢ P

Consider o:]—1,1][ — R3:¢ — (t — 1,0,—t + 1). Obviously, ¢ € Sc1 and limy_1 ©(t) = (0,0,0).
Thus, (0,0,0) is a FIP as well as a C'-FIP of (8).
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Consider the corresponding first order ADAE at (0,0,0):

A=1

0=~ () = () v

h {0)
It is easy to see that (0,0, 0) is neither a FIP nor a C1-FIP of (9) nor a right limit point of A=1(0):
h(Ay) = g0+ 1,0+ 1f2(0),y) = —(A +y)?

Thus, this example contradicts (C2) as well as the ” = "-part of (T1), i.e. [1, Theorem 1]. O

Note that Examples 3.3, 3.5, and 3.6 do not only meet the requirements of [1, Theorem 1], but also
satisfy the additional assumptions of the algorithm given in [1, Part II], namely, f, g, h € C.

A Appendix

A.1 Lemma: Let k€ Ny, e € Ry, and g: R\ [—Eik, Eik] — R bounded.

Let further f:]—e, e[ — R: H{O ifx:o} Th
€ urither . —E,E T eXp(fxl—z)g(ka) 6lse . en

(i) f is differentiable at 0 and f'(0) = 0.

(i) Let r € NU {00}, g € C", and Vien, i<r g% be bounded. Then
f€C" AVien, i<r fP(0) = 0. U

Proof:

(1) liH(l] f(x) =0 is obvious. Let n € N. Then
z—

. —n 1 o n 2\
ilg%x exp(—ﬁ) = |J:l|l£>noox exp ( x ) =0 (10)
and J 0 J 1
5—0 5—0 5—0 52

(ii.a) Let P the set of polynomials with real coefficients and set f = f|]_€’€[\{0}. Then, for all
i€{0,---,r}, f@ can be written as follows:

~—

(11)

~—

i(x

=)

fO(x) = exp(—%) Zg(j)(ﬁ)p]:(x
=0

where Vjc(o....;y Pj, ¢ € P-
Proof of (11): . .
(11) holds for f(© = f. Let i € N,, i < r and assume that (11) holds for . Then

~—

~—

o . 1. oy, 1 pi(a
(i+1) _ 3 L G2 \Pi
P = 2o LGP

exp(— ) S (00 (L oy 02 ) ipﬁx)gj(m)_pj(x)q}(x))
+exp( x2)2<9 () (k) o TG (q5(x))?

which can obviously be brought into form (11). Thus, (11) holds for f0+1).

Jj=0
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(ii.b) We show Vien i<y liH(l] fO(z) =0
="z

o O | — 1 170 (1| < 1 S= oz | SPE2)| 0
iy 1) = s 0] < 300 2 ey
A 1
= MJ lim exp( IQ)
= 0] (@)

For all j € {0,---,i} there exist n; € N and ¢; € P with ¢;(0) # 0 and g;(z) = 2" g;(x) for

allz € dom f. =

lim ’f(’)(x)‘ < ZMj lir%

z—0

(since G € C° and G;(0) # 0)

i
< L li
< 2 Mk finy
7=0
= 0 (see (10))

z™" exp(——3)

(ii.c) We show Vien i<, f(0) = 0:

The assertion holds for i = 0. Let i € N;, i < r and assume f*)(0) = 0. Obviously, @ is

of form (11). Tt follows as in (ii.b):
@(5) — @ (i) F(i)
L@ - 00 106 JO0)
60 ) 60 4 520 0

— fEHD(0) exists and O+ (0) = 0.

A.2 Lemma: Let h:R xR™ — R™ € C°, (X, 50) € h~1(0), and for any 6 € R:
U= {(\y) eERxR™h(Ny) =0AN <A< 4}
and ¥y = {(\y) e RxR™A(Ay) =0AJ <X < Ao}

Then
(Xo> o) is a Tight (resp. left) limit point of h=1(0) <=
A4 >0 INoetd((how0) VNeUm).NENy NN, =

(resp. Va_<xo INoet((ho.0) YNeUm),NCNy N NYY =)

Proof: We show the assertion for right limit points only. \IIS\”'+ = h710) N (JXo, A [ x R™)
” «=": Choose N C B(\g,e) x R™ N Ny, N € U((\o, o)) with ¢ sufficient small.('?) —
(Ao, A [ X R™) NN = (Mo +Ry) xR™") NN

” — .

(i) (Mo, o) is a right limit point of h~1(0) =
Vs >0 INoelt((Mo,0)) No N \Iij\'+ —
since [Ag, Ap [ X R™ C (A\g + Ry) x R™.

(ii) (13) = (12) since N C Ng = NN¥{ CNon ¥y =0

(12) B(m, ) denotes the open ball with center m and radius .
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