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STRAIGHTENING OUT TRAJECTORIES NEAR SINGULAR POINTS
OF IMPLICIT DIFFERENTIAL EQUATIONS

Gunther Reiflig Holger Boche

Technische Universitat Dresden* Heinrich—-Hertz—Institut Berlin®

Abstract
Under appropriate assumptions, it is shown that there is a diffeomorphism
that transforms solutions of the implicit differential equation

A(z)d = g(=) (D)
near points at which A is singular into solutions of the normal form

. _
x T = O,

(2)

&2 =0, ..., 2, =0

near 0, and vice versa, where & = £1 = const. In particular, standard singular
points in the sense of Rabier correspond to » = 1 in (2). A practical example
leading to the normal form (2) with » = 2 is also given.

1 Introduction

Many technical systems and processes may be modelled by implicit differential equations
(1), where A: U — L(R",R") € C! is a matrix of C'-functions, ¢g: U — R" € C!,
U C R™is open, and n € N. Whenever A is regular at some point zq € U, the above
implicit differential equation (1) is locally equivalent to the explicit ordinary differential
equation # = A(x)"'g(z) in some neighborhood of xq, and the usual existence, uniqueness
and smoothness results apply.

If A(xzo) is not regular, these results do not apply, and the analysis of (1) near g
becomes more difficult. For example, it may happen that the set of points at which A is
singular forms an (n — 1)—dimensional submanifold of R" containing . This case, which
is the concern of the present paper, was first studied by RABIER for n > 1 [Rab89]. He
considered standard singular points, i.e., points xq that fulfill the following conditions:

(51) dim ker A(xzo) = 1,
(52) g(wo) & im A(zo),
(S5) A'(xo)kk ¢ im A(xo) for all k € ker A(xo) \ {0}.
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(ker, im, and dim denote the null space, the image, and the dimension, respectively, A’(xo)
denotes the derivative at g of the mapping A: U — L(R™,R") from (1).)

Under the above assumptions, it was shown in [Rab89] that the set of points at which
A is singular forms an (n — 1)-dimensional submanifold of R" locally near . Further, o

defined by

o = sign ({ulg(wo)) - (u|A'(zo)kk)) (3)

is nonzero and does neither depend on k, nor on u, provided k € ker A(xzy) \ {0} and
u € (im A(x0))"\ {0}. (Here, * denotes the orthogonal complement and (-|-) is the usual
inner product in R™.)

It 0 = —1, the standard singular point xq is called attracting, and it o0 = 1, it is called
repelling. It was also shown that the set of standard singular points forms an (n — 1)
dimensional submanifold of R”™ that no solution passes g, and that all solutions are
transversal to the submanifold of standard singular points in the sense of [Rab89].

RABIER reduced the analysis of (1) to that of

f(z)i = G(z), (4)
where f(x) = det A(x) and G(z) = (adj A(x))g(z). (adj A(x) is the transpose of the

matrix of cofactors of A(x).) Indeed, one can show the following:

1.1 Proposition: Let f(z) = det A(z) and G(z) = (adj A(z))g(x). If (S1) and (S;) hold,
or if f(xg) =0 and G(xo) # 0 hold, then (1) and (4) have exactly the same solutions near
Zo. O

Under the additional assumptions A € C? and ¢ € C? RABIER has shown the following
for attracting (resp. repelling) standard singular points xo:

(1) There are some T' > 0 and exactly two solutions ¢; and & of (1), defined on |—T',0]
(resp. ]0,T[), such that %ingfl(t) = %ingfz(t) = 2.

(2) The derivatives of solutions blow up near o, i.e., %ing 1€.(1)]| = %ing 1€2(1)]| = oo

Following [Rab89], MEDVED’ investigated the implicit differential equation (4) in order
to analyze (1) [Med91]. Under the assumptions f: R" — R € O, (: R" — R" € O,
f(0) = 0 and G(0) # 0, the following was shown: For all f from some residual (generic)
subset of C°(R™ R) there is some a: U — R\ {0} € C* such that (4) is C*—conjugate

near 0 to

iy = a(x),

(5)

Gy =0, ... 0, =0

near 0. (A differential equation is C"—conjugate near x¢ to another differential equation
near Ig if there are open neighborhoods U’ and U’ of 4 and Tg, respectively, and some
C"—diffeomorphism ®: U’ — U’ with ®(x9) = ¥ such that a curve @ with values in U’ is
a solution of the first equation iff the transformed curve ® o x is a solution of the second.)

An investigation of MEDVED’s proof shows that, for the local C"*—conjugacy of (4)
and (5), it suffices to assume f’(0)G(0) # 0, which is, apart from stronger smoothness
requirements, equivalent to say that 0 is a standard singular point of (1).



MEDVED’ also investigated the case f'(0)G(0) = 0: Under appropriate assumptions
on higher order directional (or LIE) derivatives of f along (7 it was shown in [Med91] that
(4) is C*—conjugate near 0 to

(l’; + Z_: l’{ﬂj(l’z, cee l’n)) T = Oé(l'),

=0

(6)

Gy =0, ..., dp =0

near 0, where a: U — R\ {0} € ¢, 3;: R"' — R € C* and 3;(0) = 0 for all
Je{0,1,...,r—1}.

Recently, REIBIG and BOCHE sharpened the first result of MEDVED’ as follows: If A
and g of (1) are of class C'' and if x¢ is a standard singular point, then (1) is C''~conjugate
near o to (5) near 0 with either @ = 1 = const. or & = —1 = const. [RB97].

In Section 2 of this paper, we show under appropriate assumptions that the implicit
differential equation (1) is C'*~conjugate near points at which A is singular to the normal
form (2) near 0 for some s and some r. In particular, standard singular points correspond
tor =11in (2). A practical example leading to (2) with » = 2 is given in Section 3.

2 Main result

2.1 Theorem: Let n,r € N, s € NU {oo,w}, and let p = r+s—1if s € N and
w = s otherwise. Let further be U C R™ an open neighborhood of xq, f: U — R € C*,
G:U—=R"e C" and

o = sign (DTf(l’o)G(l'o)T). (7)

(Here, C¥ is the class of analytic mappings and D" f is the r—th order derivative of f.)
Assume further that f(xo) =0, o # 0, and that f~'(0) is an (n — 1)-dimensional C*-

submanifold of R", and D’ f(z) = 0 holds for all j with 1 < j < r and for all z € f~1(0).
Then the differential equation (4) is C*—conjugate near xq to the normal form (2) near

0. O

Note that, if in addition to the hypotheses of the above Theorem, the mappings f and
are defined by f(x) = det A(x) and G(x) = (adj A(x))g(x), then the differential equation

(1) is C*—conjugate near o to the normal form (2) near 0.

Proof: We refer to [Rei97] for a complete proof and give a sketch only: First, assume
zo = 0and G(0) = (1,0,...,0) without loss of generality. Next, application of the method
from the proof of the Straightening—Out—Theorem to the explicit differential equation
& = G(x) yields a C'*—diffeomorphism W between neighborhoods of 0 € R”. Its inverse
U~! transforms (4) into f(:z;):z; =(1,0,...,0), where f = foU. Hence, (4) and

f(l’)l‘l = 17

iy =0, ... 0, =0

(8)

are C'*—conjugate near 0. .
We now straighten out the set f~'(0): By means of the Implicit Function Theorem
there is a mapping  defined near 0 € R"~! such that ®: x — (214+5(22, ..., T0), T2,y ..., Tp)



is a local (*~diffeomorphism and, for all # near 0 € R", f(CI)(:L')) = 0 iff z; = 0. After
setting f(z) = o f(®(x)), @' transforms (8) into

f(@)i = o Gi(0). (9)

Exploiting properties of f, one can show that there is a C*~mapping ¢ defined near
0 € R™ that fulfills D1¢(0) > 0 and ¢(2)"Dyp(x) = f(x) for all 2. Hence, the mapping

= (p(x1,22,. .., T0), T2, ..., 2,) is a local C*—diffeomorphism and transforms (9) into
the normal form (2). After all, (4) and (2) are C*—conjugate near 0. O

The following Theorem, which is proved in [Rei97], relates the case r = 1 of the above
Theorem to the results of [Rab89, Med91, RB97]:

2.2 Theorem: ¢ is a standard singular point of (1) iff the hypotheses of Theorem 2.1
are met for f(x) = det A(z), G(x) = (adj A(x))g(x), r =1 and some s € NU {oo,w}.
In this case, the values of (3) and (7) coincide. O

The simplest example to illustrate standard singular points is the normal form (2) with
r=1,n=2and 0 = —1. Here, the set of standard singular points, all being attracting,
is the hypersurface defined by x; = 0, all other points are regular. (See Fig. 1(a) for
illustration.) Further, for any o2 € R,

r1(t) = £v =2t and  a3(t) = 202

define exactly two solutions for ¢ < 0. No other solutions exist, except translations of the
above solutions in time, and hence, (1) and (2) from Section 1 also hold here.

Since the cases r > 1 and n > 2 of the normal form (2) can be completely analyzed
by similar simple considerations, the above Theorems provide powerful tools to analyze
the behaviour of the original differential equations (1) and (4) near points at which A is
singular and f is zero, respectively.

3 An Example

While examples of differential equations with standard singular points have been given in
the literature [Rab89, Rei96, RB97], we give a practical example for the case r = 2 below,
which has resisted an analytic treatment up to now.

BYRNE und HO (see [BH8T7]) give the differential equations

= E — )i/ = P! n @g —_pr— — _& —
o_w@(ﬁz y)*y/ P(2.51( QN\/ P 5)+10.5) bQ .0 PQco(l b),

(10)
0 ZQF\/gx/—P’ ((2.5Ry —1.25y%) In (@%V—P’ - 5)

[ 2 1
+ 3Ry — 2125]}2 — 136R/L p—Rﬁ) - Qa (11)

as a model of a pipeline problem: To successfully pipe a certain foam, the foam is sur-
rounded by an incompressible lubricating film. The question of interest is whether it is
possible to keep the pressure sufficiently high in the whole pipeline.
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Figure 1: (a) Trajectories of the normal form (2) with » = 1, n = 2 and ¢ = —1. (b) 21— and

(
za—components of trajectories of (14)—(15). (¢) z1—component of those two solutions of (14)—(15) that

correspond to the trajectories thickened in (a).

In (10)—(11), the (dropped) argument ¢ of P, P’ and y is the space coordinate along
the pipeline in em. vy is the thickness of the lubricating film in e¢m, P is the pipeline
pressure in 107> Nem ™2, and Py = P(0) = 1.378 - 10® is the pressure at the beginning of
the pipeline. R, p, pu, @y, Qc0, and b are prescribed parameters: R = 45.72, p = 0.814,
p=0.098, b =0.345, Qo = 1.7153 - 10°, and Q, = 3.027 - 10°.

The equations (10)—(11) make sense if P, —P’ and the argument of the logarithm are
positive.

Using the substitutions x4(¢) = 1077 P(107 ¢), (t) = (- (107 1))~ 12 , and w3(t) =
y(107 ¢) (=P’ (107 t))1/2 R~ from [RR94] as well as z4(¢ ( —P'(107 t) 1/2 )
we arrive at the differential equation

zarh = —1, (12)
) = 0, (13)
$1(42 + 1’4)(1 — 1’21’3)2 — ngg(bl'l + C4(1 — b))
where h(x) = 23 ((2 — wqus)rs + 2.4 — 1. Txq23) — 3 , ¢ = %\/% ~ 2012,

€™t —cjx3 + 5

¢y = L0~ 1972, ¢y = 1088 4 O40a oy 3 485 and ¢y = 1077 Py = 13.78.

2.5muRey 1 TuRey
Reducing the index of (12)—(13) by differentiating (13) as usual results in
zaz) = —1, (14)
W (x)d = 0. (15)

This differential equation is obviously of the type (1) with g(x) = (—1,0,0,0) and

22 0 0 0
1—1’2 T3 2 -2 r1 T3 1—1’2 T3 4.2-|—l’4 - -2 T T2 1—1’2 T3 2
(4.§—|—1’4)—c2) oo b e ((C4 (1_5)1501 b) ) (4.2(—|—x4) ) 1 (1 — 2y a3)
Alx) =
0 —a3 (1.7 4 24) 2 (i;;_lxzzﬁ) r3 (2 — xyas)
0 0 —c e®t




We investigate (14)—(15) near the point x¢g = (0,0, 203, ¥04), Where g3 is the solution of
es = 2xs(In(cras — 5) + 1.2), ie., x5 & 0.237, and 294 = In(c1203 — 5) ~ 6.16: Since
(51) and (S3) are fulfilled, (14)—(15) has exactly the same solutions near o as (4) with
flz) = det A(x) and G(x) = (adj A(x))g(x) (Prop. 1.1). One can also show that the
hypotheses of Theorem 2.1 are fulfilled with ¢ = —1 [Rei97]. Hence, the differential
equation (14)-(15) is C“—conjugate near xo to the normal form (2) near 0 with n = 4,
r=2and o =—1.

The first two components of some trajectories of (14)—(15) are shown in Fig. 1(b).
The first components of the solutions that correspond to the two thick trajectories in
Fig. 1(b) are shown in Fig. 1(c). One can show that these solutions are indeed solutions
of (12)—(13) and that only that solution that has positive #1— and xz9—components makes
sense for the practical problem.

One concludes from our analysis based on Theorem 2.1 that the pressure in the pipeline
tends to 0 and that the flow chokes if the pipeline is sufficiently long. From the numerical
simulation we see that the minimum length of the pipeline for this to happen is about
110km. Further investigation shows that the conjecture from [BH87] that choking flow
corresponds to a vanishing argument of the logarithms in (10)—(11) is incorrect.

4 Conclusions

It has been shown that implicit differential equations A(x)# = g(x) about certain singular
points may be transformed by diffeomorphisms into the normal form 2fz; = £1, @, =

- =z, = 0 about 0. This result is new and provides a deeper understanding of sytems’
behavior near singular points. In particular, we have been able to analyze an example
that had resisted an analytic treatment before. Further, the results of [Rab89, Med91] on

standard singular points follow from ours.

References

[BH87] G. D. Byrne and A. C. Hindmarsh. Stiff ODE solvers: A review of current and
coming attractions. J. Comput. Phys., 70(1):1-62, May 1987.

[Med91] M. Medved’. Normal forms of implicit and observed implicit differential equa-
tions. Riv. Mat. Pura Appl., (4):95-107, 1991.

[Rab89] P. J. Rabier. Implicit differential equations near a singular point. .J. Math. Anal.
Appl., 144(2):425-449, Dec. 1989.

[RB97] G. ReiBig and H. Boche. A normal form for implicit differential equations near
singular points. In Proc. 1997 Furop. Conf. Circ. Th. Design (ECCTD), Bu-
dapest, Hu., Aug. 30-Sept. 3, volume 2, pages 1048-1053, 1997.

[Rei96] G. ReiBig. Differential-algebraic equations and impasse points. [EEE Trans.
Circuits and Systems Part I, 43(2):122-133, Feb. 1996.

[Rei97]  G. ReiBig. Beitrdge zu Theorie und Anwendungen impliziter Differentialgleichun-
gen. Dissertation, Techn. Univ. Dresden, Fakultat Elektrotechnik, Sept. 8, 1997.

[RR94] P. J. Rabier and W. C. Rheinboldt. On the computation of impasse points of
quasilinear differential algebraic equations. Math. Comp., 62(205):133-154, 1994.



